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Abstract

We investigate the global stability characteristics of a system of equations modelling the dynamics
of additive Hopfield-type neural networks with impulses in the continuous-time case.
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1. Introduction

Anyone can see that the human brain is superior to a digital computer at many tasks. For
example, from the processing of visual information point of view; a one-year-old baby is
much better and faster at recognizing objects, faces, and so on than even the most advanced
fastest supercomputer systems. The following reasons are the real motivation for studying
neural computation [8]. It is an alternative computational paradigm to the usual one (based
on a programmed instruction sequence), which was introduced by von Neumann [17] and
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has been used as the basis of almost all machine computation to date. The brain has many
other features that would be desirable in artificial systems:

e Itis robust and fault tolerant. Nerve cells in the brain die every day without affecting
its performance significantly.

o Itis flexible. It can easily adjust to a new environment by “learning,” no need to be
programmed in Pascal, Fortran or C+ and so on.

o It can deal with information that is fuzzy, probabilistic, noisy, or inconsistent.

e Itis highly parallel.

e Itis small, compact, and dissipates very little power.

Artificial neural networks are computational paradigms which implement simplified
models of their biological counterparts, biological neural networks. Biological neural net-
works are the local assemblages of neurons and their dendritic connections that form the
(human) brain. Accordingly, artificial neural networks are characterized by

local processing in artificial neurons (or processing elements),

massively parallel processing, implemented by rich connection pattern between
processing elements,

the ability to acquire knowledge via learning from experience,

knowledge storage in distributed memory, the synaptic processing element connec-
tions.

The attempt of implementing neural networks for brain-like computations like patterns
recognition, decisions making, motory control and many others is made possible by the
advent of large scale computers in the late 1950’s. Indeed, artificial neural networks can be
viewed as a major new approach to computational methodology since the introduction of
digital computers.

Although the initial intent of artificial neural networks was to explore and reproduce
human information processing tasks such as speech, vision, and knowledge processing,
artificial neural networks also demonstrated their superior capability for classification and
function approximation problems. This has great potential for solving complex problems
such as systems control, data compression, optimization problems, pattern recognition, and
system identification.

Hopfield-type (additive) networks have been studied intensively during the last two
decades and have been applied to optimization problems [5-8,14]. The original model
used two-state threshold “neurons” that followed a stochastic algorithm: each model neu-
roni had two states, characterized by the vaIUIQSDr Vil (which may often be taken as
0 and 1, respectively). The input of each neuron came from two sources, externalljnputs
and inputs from other neurons. The total input to neuristhen

Inputtoi = H; = Y " T;;V; + I,
i#]
where T;; can be biologically viewed as a description of the synaptic interconnection
strength from neurorj to neuroni. The motion of the state of a system &f neurons



438 H. Akga et al. / J. Math. Anal. Appl. 290 (2004) 436-451

in state space describes the computation that the set of neurons is performing. A model
therefore must describe how the state evolves in time, and the original model describes
this in terms of a stochastic evolution. Each neuron samples its input at random times. It
changes the value of its output or leaves it fixed according to a threshold rule with thresh-
oldsU; [9,10],

Vi — Vl-o if ZTZ']‘VJ' + I; < U;,
i#]
Vi — Vil if ZTijvj +1; > U;.
i#]
In order to solve problems in the fields of optimization, neural control and signal process-
ing, neural networks have to be designed such that there is only one equilibrium point and
this equilibrium point is globally asymptotically stable so as to avoid the risk of having
spurious equilibria and local minima. In the case of global stability, there is no need to be
specific about the initial conditions for the neural circuits since all trajectories starting from
anywhere settle down at the same unique equilibrium. If the equilibrium is exponentially
asymptotically stable, the convergence is fast for real-time computations. The unique equi-
librium depends on the external stimulus. The nonlinear neural activation fungtioins

i € ZT, are usually chosen to be continuous and differentiable nonlinear sigmoid functions
satisfying the following conditions:

(@) fi(x) > Flasx - Foo;

(b) fi(x)is bounded above by 1 and below byl;

(c) fi(x) =0 ata unique point =0;

(d) f/(x)>0andf/(x) — 0asx — Foo;

(e) f/(x) has a global maximum value of 1 at the unique pgist 0.

Some examples of activation functiofig-) are

X

fi(x) =tanh(x) = ﬂ, filx)= i_'__i:x =tan|-<%>,

et +e % x

2 T x?2
fitr) = Zarctan(Zx). fi) = o SO,
where sgit) is a signum function and all the above nonlinear functions are bounded,
monotonic and nondecreasing functions. It has been shown that the absolute capacity of
an associative memory network can be improved by replacing the usual sigmoid activation
functions. There, it seems appropriate that nonmonotonic functions might be better candi-
dates for neuron activation in designing and implementing an artificial neural network. In
many electronic circuits, amplifiers that have neither monotonically increasing nor contin-
uously differentiable input—output functions are frequently adapted.
Henceforth we assume that each activation funcfign, i =1, 2, ..., m, satisfies the
following conditions:
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(H1) fi:R — Ris Lipschitzian with Lipschitz constarit; > 0,
|fi) = fi)| < Lilx—y| forallx,yeR.
(H2) | fi(x)| < M;, x € R, for some constan¥; > 0.

This type of activation functions is clearly more general than the usual sigmoid activa-
tion functions.

In [13] the global stability characteristic of a system of equations modelling the dy-
namics of additive Hopfield-type neural networks both in the continuous and discrete-time
cases is investigated. In particular, a novel method of obtaining a discrete-time dynam-
ical system whose dynamics is inherited from the continuous-time dynamical system is
studied. This aspect is important since numerical algorithms of Hopfield-type differential
equations lead to discrete-time dynamic systems and such discrete-time systems should not
give rise to any spurious behaviour if either system is to be used for coding equilibrium as
associative memories corresponding to temporally uniform external stimuli obtained. The
discrete-time models serve as global numerical methods on unbounded intervals for the
continuous-time systems [12].

In the present paper we investigate the global stability characteristics of these sys-
tems supplemented with impulse conditions in the continuous-time case. The presence
of impulses requires some modifications and the imposing of additional conditions on the
systems. The investigation of the stability of the respective discrete systems with impulse
effect is an object of another paper [1].

2. Main results

Consider the following Hopfield-type model of neural network with impulses:

dx m
d_tl = —a;x;(t) +jZlbijfj(xj(t)) +ci, 1>0,1#1,
Axi(n) =Li(xi(w)), iefl.....m}, k=12..., (2.1)

whereAx (t;) = x(tx + 0) — x(tx — 0) are the impulses at momenjtsands; < < ---is
a strictly increasing sequence such thatlim, 1 = +o00; x;(¢) corresponds to the mem-
brane potential of the unitat time¢; f;(-) denotes a measure of response or activation
to its incoming potentialgy;; denotes the synaptic connection weight of the iroh the
unit i; the constants; correspond to the external bias or input from outside the network
to the uniti; the coefficients; is the rate with which the unit self-regulates or resets its
potential when isolated from other units and inputs. We refer for more detail to [13,15] and
references cited therein.

As usual in the theory of impulsive differential equations, at the points of discontinuity
t; of the solutiory — x; (r) we assume that; (z;) = x; (tx — 0). It is clear that, in general,
the derivativeg; (#) do not exist. On the other hand, according to the first equality of (2.1)
there exist the limitst; (#  0). According to the above convention, we assuing;) =
xi(ty — 0).
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First, we will establish sufficient conditions for all solutions of the impulsive au-
tonomous differential system to converge at an exponential rate to an equilibrium.

Theorem 2.1. Assume that conditions (H1) and (H2) are satisfied. Suppose further that

(i) a; >0,b,’j eR,c;ieR,i,je{l,...,m},
(i) thefollowing inequalities hold:

m
ai —L,~Z|bj,~| >0, ie{l, ....,m)}
j=1
(i) theimpulsive operators I; (x; (¢)) satisfy
I; (x,-(tk)) = —y,-k(x,-(tk) - x;k), O<yu<2 ie{l,....m), keZ".
Then the equilibriumx* = (x}, x5, ..., x})7 of (2.1) isunique.
The proof of the theorem is similar to that given in [13, Theorem 2.1] or [15, Theo-

rem 1.2.1]. An additional difference is the consideration of the impulse effect. The equilib-
rium obviously satisfies

m
aixf =Y by fi(x})+ci. ie(l....m). (2.2)
j=1

Several authors have obtained sufficient conditions for global stability and exponential
stability of equilibria of continuous-time Hopfield-type networks.

We are interested in obtaining sufficient conditions for the global exponential asymp-
totic stability of equilibria in continuous-time Hopfield-type networks in the presence of
impulses.

Theorem 2.2. Assume that all conditions of Theorem 2.1 hold. Then there exists a constant
a > O such that all solutions of (2.1) satisfy the inequality

m m
D lxi) = x| < ey |xi(0) - xf
i=1 i=1

where x* = (x}, x5, ..., x,)T denotesthe equilibrium.

>tm

, >0,

Proof. The proof of the theorem follows like that of [13, Theorem 3.1] or [15, Theo-
rem 1.2.2]. We have from (2.1) that

d m
2 (i) = x7) = —ai (xi() —x7) + ;bz‘j (fi(x;0) = f;(x7))
j:

forie{l,...,m},t>0,t#1, k € Z", and hence by condition (H1),

d+ “
E|xi(t) — x| < —ai|xi @) — x| + Z |bij|Lj|x;(1) — x’;| (2.3)
Jj=1
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forie{l,...,m},t>0,t#1, keZ", wheredt/dt denotes the upper right derivative.
Also,

xi (e +0) —x) = x; () + L (x(t)) — x; = (L — yir) (xi () — x7°),
thus
|xi (1 4+ 0) — x| = 1 = yiel i () — x| < |xi(tr) — x|

forief{l,....m}, keZt.
We define a Lyapunov functio¥ (-) by

m
V() =V(xnx2,..oxn)() = Y_|xi(t) = x]|
i=1
for ¢ > 0 and by virtue of (2.3) we can obtain

AtV &dt
(1) :ZE|X[(I)_X?|
i=1

dt

m m
< Z(—ai|xi(t) — x|+ Z |bij|L j|x; () — x;‘|>

i=1 j=1
m m
= —Z<ai —L; Z |bji|> |xi (1) — x]|.
i=1 j=1
By virtue of condition (ii) of Theorem 2.1 there exists a real nuniber0 such that
m
a; —LiZijiI za, i€fl,...,m},
j=1

and it follows that

d+
;/t(t) <—aV(@), t>0,t#t. (2.4)

Also,

Vit +0) =) |xit+0) —xf| <D |xiw) —xf|=V@w), keZ'. (2.5)

i=1 i=1

Then using the exponential stability theorem [4,11,16] and (2.4), (2.5), we get

d+V —at

e <—aV(@) = Ve <e™VO Vve=O0.
So,

m m

Z|x,~(t) —xf[<e™ Z|x,~(0) —xf| vi>0

i=1 i=1
and this completes the proof of the theorenm

The next theorem represents a generalization of Theorem 2.2.
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Theorem 2.3. Assume that conditions (H1) and (H2) are satisfied. Suppose further that

(i) a; >0,b,’j eR,cieR,i,jell,...,m},
(ii) the number i (0, ) of moments of impul se effect between 0 and ¢ satisfies

lim supl ©.1
t——+400
(i) theimpulsive operators I; (x; (¢)) satisfy
|1 (xi (1) < c|xi() — x|, ie{l,....m}, keZt,

for some positive constant c,
(iv) there existsareal number o > 0 such that

=p < —+o00,

m
a,-—LiZ|bj,~|—p|n(1+c)>oz, ie{l,...,m).
j=1

Then for any number & satisfying 0 < @ < « and any compact neighbourhood K of the
equilibrium x* = (x3, x5, ... x*)T there exists a constant 8 > 1 such that all solutions

>m

X(¢) of (2.1) with x(0) € K satisfy the inequality

Z‘Xi(f) —xf|< Be ¥ Z‘xi(O) —xf|, t>0. (2.6)
i=1 i=1

Proof. We need to just slightly modify the proof of Theorem 2.2. Now inequalities (2.4)
and (2.5) should be replaced by

dtv
Vit +0 < L+0)Vn), keZ™,
which implies that
V() < (1+C)i(o,l‘)ef(ol+p|n(l+c))tV(O)
or
V() < A+ ) ODN=Ple=aty ().
For anye > 0 there exist§” = T'(¢) > 0 such that the inequality

i(0,1) <
t
is satisfied for alk > T. For suchr we havei (0,1) < (p + &)t and

V(i) <A+o)e V(0

pte

or

V(t) < e—(O{—S In(1+c¢)) V(O)
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Let @ be an arbitrary number satisfying<0a& < «. If we takea —eIn(1+¢) =a, i.e.,
e=(ax—a)/In(1+c), then

V(i) <e V() Vi>T.
There exists a constaft> 1 such that
V()< Be V() Vi>0.

The last inequality implies (2.6) in which may depend on the solutiot(z), i.e., on the
initial conditionx(0). Because of the compactnessiofwe can choosg so that (2.6) is
valid forallx(0) e K. O

It is implicitly assumed in the formulation of system (2.1) that the neurons process
input and produce output instantaneously. It is known, however, that such instantaneous
processing and delivery is not always true and there are significant time delays both in
neural processing and axonal transmission. So we will generalize system (2.1) by inserting
time delays in neural networks. Then, we will consider the system

dx,' m

o = —a;x;(t) + Zbijfj(xj(l —1j)) +ci, t>0,1#x, (2.7)
j=1
in whichi € {1,2,...,m} andt;; > 0 corresponds to the transmission delay fof €
{1,2,...,m}. The impulsive conditions are
Axi() =Ii(x (1), t=n, k=1,2,.... (2.8)
This system is supplemented with initial functions of the form

xi(8) =yi(s), sel-t1,0,ie{l,....m}, t= max ({z;}
ijell,..m)

wherey; (s) is continuous fos € [—t, O].

Theorem 2.4. Suppose that the conditions of Theorem 2.1 hold. Let 7;; > 0 for i, j €
{1,...,m}. Thenthereexist constants 8 >> 1 and ¢ > 0 such that all solutionsof (2.7), (2.8)
satisfy

m

m
3 i) — x| < pe Z( sup |xi(s) — x;
i—1 s€[—1,0]

i=1

), t > 0.

Proof. The equilibriumx* of (2.7), (2.8) is unique because of the condition (H1) and
Theorem 2.1. Again its components satisfy Eq. (2.2).E€t), i € {1,..., m}, be defined

by

m
Fi(ei)=a; —¢& — L; Z |bjile®™it,
j=1
whereg; € [0, 00),i €{1,...,m}. Itis obvious that

Fi(Q)=ai—L; Y |bji|>0
j=1
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foralli € {1,..., m}. SinceF;(-) is continuous o010, co) and F;(g;) — —o0 asg; — oo,
there existss’ > 0 such thatFi(e7) = 0 and Fi(e;) > 0 for ¢; € (0,¢]). By choosing
e=min{e], &3, ..., &y}, we obtain

m
Fie)=ai—e~Liy_ |bjile"” >0
Jj=1
foralli € {1,...,m}. Therefore from (2.7) we have

d+ “
E|x,’(t) —x;“| < —a,-|x,-(t) —x;“| + Z |b,’j|Lj|)Cj(t - Tij) —xﬂ (2.9)
j=1
fori e{1,...,m}andr > 0,7 # 1. Now let us define

yi()y=e"|xi(t) — x|, i€{l,....m}, t €[-T,00), (2.10)
and from (2.9), (2.10) we derive

dtyi(r) = N
d; < —(ai —&)yi(t) + Zl|bij|LjeH"’Yj(t - Tij),
Jj=
t>0, t#n, keZt, (2.11)

fori e{1,...,m}. Also,

Vit +0) = |1 — ikl yi () < yi ().
We consider a Lyapunov function#l(-) defined by
t

V(t)=Z(y,'(t)+2|b,-j|Lje”"f / yj(s)ds>, (2.12)

i=1 j=1 1)

and we note thaV¥ () > 0 for ¢ > 0 andV (0) is positive and finite. Calculating the rate of
change ofV (¢) along the solutions of (2.7), we obtain

dTV(t) < “ o
- <Z<—(ai—e)yi<r>+2|bij|L,-e w;(r))

i=1 j=1

m m
=- Z(a,- —e-Li) lb.me”ﬁ)y,-(r) <0
i=1 j=1

fort > 0,1 # ;.. Also, as in the proof of Theorem 2.2 we obtain that; + 0) < V (¢) for
k e Z* . It follows thatV (r) < V(0) for r > 0 and hence from (2.11) and (2.12) we obtain

m m m 0
Zyi(t)<Z(y,~(0)+2|bi,-|L,-e”f-f / y,;(s)ds)
i=1 i=1 j=1 T
i
m m 0
=Z(y,~(0)+L,~Z|b,-,~|e”ﬂ / yi(S)dS>, (2.13)
i=1 j=1

—Tji
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wherer > 0. Then using (2.10) and from (2.13) it follows that

m m m
Z|x,’(t) — xl*| e ™ Z(1+ L; Z |bj,'|tj,'€€r-/i> sup |x,~(s) —x;k|

i=1 i=1 j=1 se[-7,0]

m

é,Be_SIZ< sup ‘x,-(s)—)C;k ),
i=1 se[—1,0]

where

m

t>0 and B= l_e{rf?(m}<1+ L; Z |bji|Tjie£Tji) >1.
j=1

Herex(t) = (x1(1), x2(¢), ..., x,»(t))T denotes an arbitrary solution of (2.7), (2.8) and we

can conclude that the equilibriurt is globally exponentially stable and this completes

the proof of the theorem. O

In the model (2.7) we have assumed that the time delays are discrete. While this as-
sumption is not unreasonable, a more satisfactory hypothesis is that the time delays are
continuously distributed over a certain duration of time. We shall modify the system (2.7)
to a system of integro-differential equations [2,3,13] of the form

t
dxi (1) -
7 =—aixi(t)+j§bijfj( /K,'j(f-S)Xj(S)dS)‘FC,’,

i=12,...,m, t>0,

or
0
dx;i (1) =
(;t = —a;ix;(1) +Zb,’jfj(/](,'j(s)x]'(t —S)dS) +ci,
Jj=1 0
i=12,...,m, t>0, (2.14)

where fori, j € {1,...,m} the delay kernel&;; (s) are assumed to satisfy the following
conditions:

(H3) K;j:[0, 00) — [0, o0) are bounded and continuous.
(H4) [o° Kij(s)ds=1.
(H5) There exists a positive numbersuch that

o
/Kij (s)e™ ds < o00.
0
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For an integro-differential equation an impulsive condition including both the functional
value and its integral also seems natural. We take the impulse conditions in the form
Tk
Axi(tx) = Ii (x; (tx)) = Bixxi (tr) + / cik()xi(s)ds + ok, keZt, (2.15)
k-1
wherer;, > 1o =0 andc;i : [tx—1, tr] — R are measurable functions, essentially bounded on
the respective intervaB;; ando;; are some real constants. For more details about impulse

conditions of this and more general form see [2] and references therein.
The initial conditions associated with system (2.14), (2.15) are given by

xi(s) =vi(s), se€(—00,0],i=12,...,m,

wherey; (s) are bounded and continuous GAco, 0].

Theorem 2.5. Suppose the conditions (H1) and (H2) and conditions (i) and (ii) of Theo-
rem 2.1 hold. Additionally K;; () satisfy the conditions (H3)}(H5). Then all solutions of
system (2.14), (2.15)satisfy the estimate

m i(0,1)
D xi) — x| < pe [[{1+ Bo(1+o(e.tv —1-1)}
i=1

v=1

m
X Z sup 0]|x,~(w) — xl*|

j=1 WE(=00,
for all + > 0 and some ¢ > O, where x* = (x], "':x,’Z)T is an equilibrium,
m 00
:3 = 122)’('1(14- L; Z iji| / Kji(s)seesds) >1,
j=1 0
B = max max{|Bil, ikl Lo 1,00} (2.16)
1<i<m

and the function ¢(e, z) is defined for ¢, z > 0 by
et —1

o(e,z2)= (2.17)

Proof. First we notice that the components, i = 1,...,m, of the equilibrium poinx*
satisfy Eq. (2.2) as well as

173
(B,»k + / cir(s) ds>x;* +aix=0, keZ®. (2.18)
t—1

Itis clear that there can exist at most one equilibrium point. We suppose that it does exist.
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We have from (2.14) that
d+ - i
i =7 < a7 +Z|bij|Lj/K,-j(s)‘xj(t —s5) —xj|ds,

j=1
' 0 (2.19)

wherei € {1,...,m},t > 0,1 # ;.
Let us consider the functions : [0, u] — (—o0, co) defined by

(e.¢]

m

Fi(s)) =a; —&i —Li2|b,-,-|/l<ﬁ(s)e“ds, g€l ul, i=12...,m.
Jj=1 0

Now, because of the assumptions (H3)—(H5) eBah) is well defined o0, 1]. We have

Fi(Q=ai—L; Yy |bji|>0
j=1

by virtue of condition (ii) of Theorem 2.1. SincE (-) is continuous and decreasing on
[0, u], it follows that there exists; e (0, 1] such thatF;(s;) > 0 for e; € (0,¢}), i €

{1,...,m}. Choosing* = min{e], &3, ..., &5}, we have
m o
F,-(e):ai—8—L,~Z|bj,~|/Kj,'(s)e”ds>0,
Jj=1 0
e€ (0,6, ie{l,...,m}. (2.20)

Correspondingly, define
yi(0) = |x; (1) — x]'|e”,

wherei € {1,...,m}, t € R, and from (2.19) we derive

o
dty “ :
o < —(ai —e)yi(t) + Z |bij|L / K;j (S)es'syj(t —s)ds, t>0,t#t.
j=1 0
We define a Lyapunov function®(-) by

m m o0 !

V()= Z{yi(l‘) + Z |bij|L; / K,'j(s)ees( / yj(w) dw) ds}, t>0.
i=1 j=1 o 2

Itis found thatV () > 0 for ¢ > 0 and that

V(O)<Z(y,-(O)+Z|bij|Lj/Kij(s)e85sds sup yj<w)>.

m
i=1 j=1 A we(—00,0]

This implies that O< V(0) < oo since [y~ Kij(s)e*Ssds < oo for e < u.
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We can now calculate

atv “ “ r ,
dt(t) < Z:_(ai —&)yi(t) + Z |bij|Lj(/ Kij(s)e® ds)yj(t)}
i=1 j=1 0

m m o0
Z_Z{ai_8_LiZ|bji|/Kji(s)egsds}y,’(t), >0, t#1.
i=1 0

j=1
As an application of (2.20) we have™V /dt < 0 fort > 0, t # 1;.. It follows that
V() < V(tg—1+0) forre(i_1,u], keZ". (2.21)

Further on, making use of the equalities (2.18), for an arbitrary moment of impulse effect
tx, k € Z*, we successively find

Tk
Axi () = Big (i (1) — x7) + / cin(s) (xi(s) — x7) ds,

-1

173
| Axi (1)] < Bk(|xz'(tk) — x|+ / |xi (s) —xﬂds>,
k-1

173
|xi (1 +0) — x| < (L+ Bo) |xi (i) — x| + B / |xi(s) — x}'|ds,
t—1
173

yite +0) < (L4 Bu)yi(t) + Bx f EUyi(s)ds, i=1,....m,
Tk—1
and, making use of (2.21), we obtain witkie, z) given by (2.17),
Tk

V(tx +0) < (1+ Be)V(tx) + Bx / UV (5) ds

Tk—1
Ik
< {1 + By (1 + / et k=) ds) } V(tx—1+0)
-1
eEW—1-1) _ 1
:{1+Bk[l+ . “V(tlirO)

={1+B(1+gle,tk —16-0)}V (-1 +0), keZ".
Applying successively the last inequality and (2.21), we derive

k
vin <[[{1+Bo(1+ 0.t =1 0)}V©)., # <t <y,
v=1
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which can be written down as
i(0,1)

vin < [T{1+Bo(L+¢( 0 —1,-0)}V(©, 1>0.
v=1

The last inequality implies
i(0,1)

Zyi(t) < l_[ {1+ Bv(1+(p(8’tv - tv—l))}
i=1

v=1

X Z(y,' 0 + Z |bij|L / K;j (s)seSds sup y; (w))
i—1 =1

€(—00,0
0 we( ]

i(0,1)

= [T{1+Bs(1+ 0.t —1-1)}
v=1

m m o0
x Z 1+ L; Z Ibji| / Kji(s)se®*ds| sup yjw), t>0,
i=1 j=1 0 we(—00,0]
from which it follows that
m i(0,1)
D |xi) — x| < pe [[ {1+ Bo(1+oe.tv —1v-1))}

i=1 v=1
m

X Z sup  |xj(w) — x| (2.22)
]

i=1 we(—00,0

for ¢+ > 0 andg given by (2.16). O

In general, the estimate (2.22) does not imply any sort of stability of the equilibrium
pointx* of system (2.14), (2.15). In order to prove stability we have to impose some con-
ditions on the moments and amplitudes of the impulse effects.

First we note the obvious

Corollary 2.6. Let all assumptions of Theorem 2.5 hold. If there is a finite number of
moments of impulse effect, the equilibrium solution x* of system (2.14) (2.15)is globally
asymptotically stable.

For the case of infinitely many moments of impulse effect we introduce the following
additional assumptions

(H6) supcz+(tk — ti—1) < 00.

Suppose that
T>t—tie1 VkeZT. (2.23)
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Since lim_ 0+ ¢(¢, z) = z, we can choose € (0, £*) so that
oty —ti) <T VkeZ'. (2.24)

(H7) B =sup.z+ Bi(1+T) < oo.
(H8) p=Ilimsup_, ,(i(0,1)/t) < co.

Corollary 2.7. Let all conditions of Theorem 2.5 hold. Suppose that the impulse effects
(2.15) satisfy the assumptions (H6)~(H8), where T is defined by (2.23) If ¢ € (0, ¢*) is
chosen to satisfy (2.24)and

e—pIn(l+ B) > 0, (2.25)

then for any number £ satisfying 0 < £ < ¢ — pIn(1+ B) and any compact neighbourhood
K of the equilibrium x* = (x7, x5, ..., m)T there exists a constant 8 > 1 such that all
solutions x(¢) of (2.14), (2.15) with x(w) € K, w € (—o0, 0], satisfy the inequality

Z‘Xi(f) — x,*| < ,Befgt Z sup ‘x,-(w) - x,*‘ vt > 0. (2.26)
.01

i=1 i=1 we(—00

Proof. First let us note that the conditions of Corollary 2.7 can be satisfied. Indeed, let us
suppose that the moments of impulse effect satisfy the conditions (H6) and (H8). Let us fix
¢ satisfying (2.24). Then we can take the constahtsk € Z*, so small that3 defined by
the condition (H7) satisfies the inequality (2.25).

Now suppose that all conditions of Corollary 2.7 hold. By virtue of (H6), (2.23), (2.24)
and (H7), inequality (2.22) takes on the form

Z|x,(t) —xf[<Be 1+ B)l<°f>z sup i (w) — x7|.

i1 i1 we(—00,0]
According to condition (H8) for any > 0 the inequalityi (0, ) < (p + n)t is satisfied for
all r large enough. Then we have

e "1+ B) O =exp(—et +i(0,1) In(1+ B)) < exp(—(e — (p + n) In(L+ B))z).

Let us takez < ¢ — pIn(1+ B), i.e.,(¢e — &)/In(1 + B) > p. If we denoten = (¢ — &)/
In(1+ B) — p > 0, thens — (p + n) In(1 + B) = £ and the estimate (2.26) is valid for all
t large enough. If we increase the constgntve can provide the validity of the estimate
(2.26) for allt > 0. The constang may still depend on the solutionr) of system (2.14),
(2.15), i.e., on the initial function (w). Because of the compactnesskofve can choose
B so that (2.26) is valid for all solutiong?) such that(w) € K forw € (—00,0]. O
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